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Abstract
We give a complete set of discriminatory criteria for a polynomial with &ve parameters to have a positive root. This
polynomial arises from the characteristic equation of a di4erence equation n(xk + pxk−) + qxk−	 = 0, which is used to
model population dynamics. Our investigations are self-contained and based on the theory of envelopes. c© 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction
Let xk denotes the population size of a species in the time period k. The Malthus model asserts
that the change @xk = xk+1 − xk is proportional to xk , that is,
@xk = 
xk ; k = 0; 1; 2; : : : ;
where 
 is a proportionality constant which can either be positive or negative. Assuming that it takes
	 periods of time for the new born to mature and be ready for reproduction, a more general model
may appear in the following form:
@xk = 
xk−	; k = 0; 1; 2; : : : :
When external factors (such as infectious diseases) cause depletion of the young people in the
population, it is possible that the depleted population can be modeled in the form
xk−+1 − xk− = xk−	; k = 0; 1; 2; : : : ;
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where  is a nonnegative integer such that ¿	. Therefore, the population now obeys the model
@xk −@xk− = (
− )xk−	; k = 0; 1; : : : ;
which can be written as a neutral di4erence equation with delay [2]
(xk − xk−) + (− 
)xk−	 = 0; k = 0; 1; 2; : : : :
In this paper, we will be concerned with a more general neutral di4erence equation of the form
n(xk + pxk−) + qxk−	 = 0; k = 0; 1; 2; : : : ; (1)
where n;  are positive integers, 	 is a nonnegative integer, and p; q are real numbers. In order
that this equation is a reasonable model, it is important that a positive solution of it exists (so that
this model can support a positive population in all time periods). To seek a positive solution, we
substitute xk = k into the di4erence equation. This leads to the characteristic equation
(− 1)n + p−(− 1)n + q−	 = 0: (2)
The left-hand side of the above equation, after multiplying by +	, gives rise to the following
polynomial:
f(;p; q; n; ; 	) = +	(− 1)n + p	(− 1)n + q:
If a positive root 0 of the polynomial f can be found, then a positive solution of the original di4er-
ence equation is {k0}. What is more interesting, however, is that if the characteristic equation does
not have a positive solution, then every real solution {xk} of the di4erence equation is oscillatory,
i.e., {xk} is neither eventually positive nor eventually negative. The proof of this statement is well
known and can be found in [1].
It remains, therefore, to &nd the exact values of the parameters p; q; n;  and 	 for which the
polynomial f(;p; q; n; ; 	) has positive roots.
Such values are important, since they provide yardsticks for measuring the sharpness of the various
necessary and=or suIcient oscillation criteria obtained or to be obtained for more general neutral
di4erence equations such as those with time-dependent coeIcients.
We intend to &nd these values in this paper. At this point, the reader is referred to the two results
in the last summary section for a quick overview of our criteria. Our investigations are based on the
theory of envelopes [3]. Such an idea is not new [4,5] and has been proven successful in dealing
with the equations
@xk + pxk− + qxk−	 = 0
and
(xk + pxk−) + qxk−	 = 0; k = 0; 1; 2; : : : :
For the sake of completeness, we brieKy go through the essentials of the theory of envelopes [3]
which are needed in the sequel. Given a family of curves, a curve that is tangent at each of its
points to some curve of the family is called the envelope of the given family. For a family of plane
curves given by an equation of the form
h(;p; q) = 0;
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where p and q are the coordinates of points in the plane and  is a parameter, every point of its
envelope satis&es the pair of equations
h(; x; y) = 0; h(; x; y) = 0:
We remark that this pair of equations determine a discriminant curve of the family which may
contain points other than those which belong to the envelope. However, when the family of plane
curves do not have “singular points”, such points cannot exist. As we will see below, the families
of plane curves in our paper contain nothing more than straight lines and hence they do not have
singular points [3].
Since there are &ve parameters in the polynomial f(;p; q; n; ; 	), a variety of di4erent situations
are expected. Fortunately, after much computer experimentations, it is decided that the parity of the
integer n is crucial and hence only two groups of di4erent cases are needed. The &nal section will
be devoted to two results which summarize those obtained in the previous two. We have tried to
make this paper self-contained. Therefore, there are some overlaps between the present paper and
the one [4] mentioned above, especially in places where n is one. The details here, however, are
much more involved. Furthermore, when n is even, the details are completely di4erent.
Before leaving this section, we remark that two functions depending on n;  and 	 will play
essential roles in the sequel, and therefore it is convenient to de&ne them here:
T (; n; ; 	) =
[	 − (n+ 	)]
(n+ 	 − )+ − 	
and
S(; n; ; 	) =
	(− 1)n+1
(n+ 	 − )+ − 	 :
In cases where no confusion can arise, we will also denote T (; n; ; 	) and S(; n; ; 	) by T () and
S(), respectively.
2. The case where n is odd
In this section, we assume that the positive integer n is odd. To facilitate discussions, we will
also classify equation into &ve di4erent cases by means of the following exhaustive and mutually
exclusive conditions according to the sizes of the integers  and 	: (i) 	 = 0, (ii) 	 =  = 1, (iii)
	 = ¿ 1, (iv) 0¡	¡, and (v) 	¿+ 1.
Theorem 1. Suppose n is odd and 	 = 0. Then (2) does not have any positive roots if; and only
if; either p= 0 and q¿1; or; p¡ 0 and
q¿
(− 1)n+1
(n− )+  ≡ S(; n; ; 0);
where  is the unique root in (0;∞) of the equation
p=− n
+1
(n− )+  ≡ T (; n; ; 0): (3)
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Proof. When 	 = 0, the characteristic equation (2) can be written as
h(;p; q) ≡ (− 1)n + p−(− 1)n + q= 0: (4)
We will treat the pair (p; q) as a point in the x; y-plane and we will seek the exact region in the
plane over which the polynomial h(;p; q) does not vanish for all ¿ 0. First of all, for some values
of (p; q), it is easy to decide whether the corresponding polynomial h(;p; q) will have positive
roots. Indeed, since lim→∞ h(;p; q) =∞, h(1;p; q) = q and h(0;p; q) = −p, thus h(;p; q) will
have a positive root when q60 or p¿ 0.
For the complementary region in the plane de&ned by q¿ 0 and p60, we need to consider two
sub-cases. We &rst assume that 6n. We can interpret (4) as an equation describing a family  of
plane curves where p and q are the coordinates of points of one of the members which corresponds
to the parameter . In our case, since we are concerned with positive roots of (4), attention will
be restricted to the case where ¿ 0. Furthermore, by giving  a speci&c value in (0;∞), the
corresponding plane curve is a straight line. Thus the envelope of the family  is determined by
the pair of equations
h(; x; y) = 0;
h(; x; y) = −−1(− 1)nx − n−(− 1)n−1x − n(− 1)n−1 = 0: (5)
The corresponding pair of parametric equations are easily obtained and given by
x() =
−n+1
(n− )+  ;
y() =
(− 1)n+1
(n− )+  ;
where ¿ 0. The functions x() and y() are rational functions in , and their properties can easily
be determined by means of standard techniques. To summarize, we may infer from the derivatives
dx
d
=−n
[(n− )+ + 1]
[(n− )+ ]2 ;
dy
dx
=−(− 1)n−;
d2y
dx2
=
(− 1)n−1[(n− )+ ]3
n2+1[(n− )+ + 1]
and other easily obtained information that the parametric curve C can be depicted as in Fig. 1.
Since lim→0+ x()= 0, lim→∞ x()=−∞ and x′()¡ 0 for ¿ 0, for each x∗¡ 0, we may solve
from x∗ = x() the unique solution (x∗) and then substituting it into y() to obtain a function 1
y = C(x) over (−∞; 0) which describes the envelope. Furthermore, in view of d2y=dx2¿ 0 for
 = 1, d2y=dx2 = 0 for  = 1, and (x(1); y(1)) = (−1; 0), we see that the function C is strictly
1 We have used the same notation to denote a curve and also the function which describes it. This practice is convenient
and will be followed in later proofs.
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Fig. 1. n odd, 	 = 0; 6n: n= 1; = 1, 	 = 0.
convex and touches the x-axis at x =−1. Thus for any point (p; q) satisfying p¡ 0 and q¿ 0, it
is easily seen that when (p; q) is vertically above the envelope C, there cannot be any tangent of
the curve which also passes through this point, and when (p; q) is on or vertically below C, such
a tangent can be drawn. This statement needs a proof, but in view of Fig. 1, it can be obtained by
elementary means. Note that lim→0+ x() = 0 and lim→0+ y() = 1, thus the point (0; 1) is not one
of the points of the curve C. As a consequence, for any point (p; q) satisfying p = 0 and q¿ 0,
we may further see that when (p; q) is above or identical to the point (0; 1), there cannot be any
tangent of the curve C which also passes through this point, and when (p; q) is below the point
(0; 1), such a tangent can be drawn.
Note that a member of the family  de&ned by h(;p; q)=0 and ¿ 0 corresponds to a tangent
of C through the point (p; q). Thus in terms of the characteristic equation (4), the above observations
imply that h(;p; q) cannot have any positive roots if, and only if, (p; q) either satis&es p= 0 and
q¿1, or, belongs to the vertical open region above the curve C, i.e. p¡ 0 and q¿y((p)) where
(p) is the unique root in (0;∞) of the equation
p= x() ≡ −n
+1
(n− )+  :
At this point, the reader is referred to Fig. 1 again. The region over which h(;p; q) does not have
any positive roots is now shaded. This scheme will be applied in all later &gures.
Next, we assume that ¿n. In this case, the parametric equations of the envelope are given by
x() =
n
− n
+1
− =(− n) ;
y() =− 
− n
(− 1)n+1
− =(− n) ;
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where ¿ 0. Here, the functions x() and y() are rational functions and their properties can
easily be determined. To summarize, the functions x() and y() have a common singularity at
∗ = =(− n). At other values of ,
dx
d
=
n
− n
 − (+ 1)=(− n)
(− =(− n))2 ;
dy
dx
=−(− 1)n−
and
d2y
dx2
=
(− n)2
n
(− 1)n−1
2+1
(− =(− n))3
− (+ 1)=(− n) :
The parametric curve (see Fig. 2) consists of three pieces of curves C1, C2 and C3. The &rst piece
C1 corresponds to the case where  ∈ (0; ∗), the second to  ∈ (∗; ( + 1)=( − n)) and the third
to [(+ 1)=(− n);∞). The turning point (; ) is given by
(; ) =
(
x
(
+ 1
− n
)
; y
(
+ 1
− n
))
=
(
n(+ 1)+1
(− n)+1 ;
−(n+ 1)n+1
(− n)n+1
)
;
and, in view of our assumption that ¿n, is located in the fourth open quadrant. The curve C1
has properties similar to those of the curve C mentioned in the previous case. That is, it is strictly
convex and touches the x-axis at x=−1. As for the curve C2, we may also verify that it is strictly
concave, is located entirely in the lower plane, and the function y=C2(x) is strictly decreasing over
(;∞). Furthermore, the functions C1 and C2, as can be veri&ed easily, have the same asymptote
given by
L :y =−n
n(− n)−n

x − n
n
(− n)n :
This asymptote intercepts the x-axis at the point −=(− n)n which is strictly less than the point of
contact of C1 and the x-axis. It also separates the curves C1 and C2 in the sense that these curves
lie on di4erent sides of it. Finally, the curve C3 is strictly convex, is located entirely in the lower
plane but above C2, and the function y = C3(x) is strictly decreasing over [;∞). Furthermore, it
has the tangent line
T :y =−(n+ 1)
n(− n)−n
(+ 1)
x −
(
n+ 1
n− 
)n
at the turning point (; ). Note that the slope of T is greater than the slope of L in view of our
assumption that ¿n. Note further that since the turning point (; ) is below the straight line L
and since (; ) is in the interior of the fourth quadrant, the negatively sloped lines L and T cross
at some point in the interior of the fourth open quadrant also (see Fig. 2).
Since the curve C1 has properties similar to those of the curve C, by means of arguments similar
to those presented above, we see that when (p; q) satis&es p60 and q¿ 0, there cannot be any
tangent of the curve C1 which also passes through this pair if, and only if, it lies in the region above
C1, or, p= 0 and q¿1.
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Fig. 2. n odd, 	 = 0; ¿n: n= 1, = 2; 	 = 0.
Now since C1 and C2 lie on di4erent side of the asymptote L, in view of the convexity of C1
and the concavity of C2, for any point (p; q) which lies above the straight line L, there cannot be
any tangent of the curve C2 which also passes through this point.
Similarly, since C1 and C2 are both convex, for any point (p; q) which lies above the tangent
line T , there cannot be any tangent of the curve C3 which also passes through this point.
Note that any point (p; q) which lies in the region above C1 also lies above the asymptote L and
the tangent line T . Thus there cannot be any tangent of the curve C2 nor there be any tangent of the
curve C3 which also passes through (p; q) which lies above C1. In other words, the characteristic
equation (4) does not have a positive root if, and only if, p=0 and q¿1, or, p¡ 0 and q¿y((p))
where (p) is the unique root in (0; ∗) of the equation x() = p. This concludes our proof.
26 S.S. Cheng, Y.-Z. Lin / Journal of Computational and Applied Mathematics 137 (2001) 19–48
Corollary 2. When n is odd and 	 = p= 0; Eq. (2) does not have any positive roots if; and only
if; q¿1.
It is interesting to note that the corresponding di4erence equation is now
@nxk + qxk = 0; n odd:
Therefore, every solution of this equation oscillates if, and only if, q¿1.
We remark that when applying Theorem 1, we need to solve Eq. (3). There are two special cases
for which we can solve Eq. (3) exactly. The &rst one is the case when =1, and the second = n.
Indeed, when = 1, Eq. (3) reduces to
2 +
(n− 1)p
n
+
p
n
= 0;
which has the positive root
=
1
2n
[
√
(n− 1)2p2 − 4np− (n− 1)p]
when p¡ 0. Substituting this  into the &rst displayed inequality in Theorem 1, we see that the
following holds.
Corollary 3. Suppose n is odd; 	=0 and =1. Then Eq. (2) does not have any positive roots if;
and only if; either p= 0 and q¿1; or; p¡ 0 and q is strictly greater than
[2n+ (n− 1)p−√(n− 1)2p2 − 4np]n
(2n)n
2np− (n− 1)p+√(n− 1)2p2 − 4np√
(n− 1)2p2 − 4np− (n− 1)p :
In particular; when n is odd; 	= 0; = 1 and p=−1; the di@erence equation (1) is reduced to
@n+1xk−1 + qxk = 0;
and every of its solutions oscillates if; and only if; q¿ 0.
Similarly, we have the following result.
Corollary 4. Suppose n is odd; 	=0 and = n. Then Eq. (2) does not have any positive roots if;
and only if; p= 0 and q¿1; or; p¡ 0 and q¿ [1− (−p)1=(n+1)]n+1.
We remark that the proofs to be presented below will be based on arguments similar to those
above, a clear understanding of the arguments in the proof of Theorem 1 is therefore crucial at this
point.
Theorem 5. Suppose n is odd and 	= =1. Then Eq. (2) does not have any positive roots if; and
only if; either q¿p¿1=n; or; p¡ 1=n and
q¿
nn
(n+ 1)n+1
(1 + p)n+1: (6)
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Proof. The characteristic equation can now be written as
h(;p; q) ≡ (− 1)n(+ p) + q= 0:
Since lim→∞ h(;p; q) =∞, h(0;p; q) = q − p and h(1;p; q) = q, thus when q60 or q¡p, the
characteristic equation will have a positive root. For other values of (p; q), we will proceed as in
the proof of Theorem 1. We interpret the characteristic equation as a family of straight lines and its
envelope is determined by the pair of equations h(; x; y) = 0 and h(; x; y) = 0 for ¿ 0. From
h(; x; y) ≡ (− 1)n + n(+ x)(− 1)n−1 = 0;
we see that
=
1− nx
n+ 1
;
which is positive if, and only if, x¡ 1=n. Substituting  into h(; x; y) = 0, we then obtain the
function
y(x) =
nn
(n+ 1)n+1
(1 + x)n+1; x ∈ (−∞; 1=n);
which describes the envelope. Note that limx→(1=n)−y(x) = 1=n. Note further that
dy
dx
=
nn
(n+ 1)n
(1 + x)n
and
d2y
dx2
=
nn+1
(n+ 1)n
(1 + x)n−1
for x ∈ (−∞; 1=n), thus limx→(1=n)−y′(x)=1 and the function y(x) is strictly convex over (−∞; 1=n).
The above discussions enable us to depict the envelope in Fig. 3. In view of this &gure and the
arguments in the proof of Theorem 1, we may now conclude that the region vertically above the
envelope, and, the region on or above the y=x line for x¿1=n are exactly the places where h(;p; q)
does not have any positive roots. The proof is now complete by noting that the former region is
de&ned by p ∈ (−∞; 1=n) and (6), while the latter by q¿p¿1=n.
In particular, when n= 1, and 	 = = 1, Eq. (1) reduces to
(xk + pxk−1) + qxk−1 = 0;
which is oscillatory if, and only if, q¿p¿1, or, p¡ 1 and q¿ (1+p)2=4. This corrects a careless
mistake announced in Theorem 1 of [5].
Theorem 6. Suppose n is odd and 	=¿ 1. Let ′ be the unique solution in ((−1)=(n+); =(n+))
of the equation
S(; n; ; )− T (; n; ; ) ≡ 
n
(− 1)n+1 + n+ 
n
(
− 
n+ 
)
= 0
and let
p′ =−n+ 
n
(′)−1
(
′ − 
n+ 
)
≡ T (′; n; ; ): (7)
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Fig. 3. n odd, 	 = = 1: n= 1; = 	 = 1.
Then Eq. (2) does not have any positive solutions if; and only if; either q¿p¿p′; or; p6p′ and
q¿

n
(− 1)n+1−1 ≡ S(; n; ; ); (8)
where  is the unique solution in ((− 1)=(n+ );∞) of the equation
p=−n+ 
n
−1
(
− 
n+ 
)
≡ T (; n; ; ): (9)
Proof. The characteristic equation can now be written as
h(;p; q) = (− 1)n( + p) + q= 0:
Since lim→∞ h(;p; q) =∞; h(0;p; q) = q − p and h(1;p; q) = q, thus when q60 or q¡p, the
characteristic equation will have a positive root. For other values of (p; q), we will proceed as in
the proof of Theorem 1. We interpret the characteristic equation as a family of straight lines and
its envelope is determined by the pair of equations h(; x; y) = 0 and h(; x; y) = 0 for ¿ 0. The
corresponding parametric equations are
x() =
n+ 
n
−1
(

n+ 
− 
)
;
y() =

n
(− 1)n+1−1;
where ¿ 0. We infer from the derivatives
dx
d
=−(n+ )
n
−2
(
− − 1
n+ 
)
;
dy
dx
=−(− 1)n;
d2y
dx2
=
n2
(n+ )
2−
(− 1)n−1
− (− 1)=(n+ )
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Fig. 4. n odd, = 	¿ 1: n= 1, = 	 = 2.
and other easily obtained information that the parametric curve is composed of two pieces C1 and
C2 as shown in Fig. 4. The turning point (x(∗); y(∗)) corresponds to the unique maximum of x()
over (0;∞), and occurs at
∗ =
− 1
+ n
and therefore the curve C1 corresponds to the case where  ∈ (0; ∗) and C2 to  ∈ [∗;∞). The
curve C1 has a slope equal to 1 at x = 0+, is strictly increasing and strictly concave. The curve C2
is strictly convex and touches the x-axis at x =−1. Note that this curve intersects the y-axis when
 takes on the value ′′ ≡ =(n + ) and intersects the y = x line at an unique point (x(′); y(′)),
where ′ is obtained by solving the unique root in (∗; ′′) of the equation x() = y(), i.e.,

n
(− 1)n+1 = 
n
− n+ 
n
:
For any point (p; q) satisfying p6p′ ≡ x(′) and q¿ 0, it is easily seen that when (p; q) is
above the curve C2, there cannot be any tangent of the curve which also passes through this point,
and when (p; q) is on or below C2, such a tangent can be drawn. Similarly, for any point (p; q)
satisfying p¿p′= x(′) and q¿ 0, it is easily seen that when (p; q) is above or on the y= x line,
such a tangent cannot be drawn. Finally, noting that x() strictly decreases from x(∗)¿ 0 to −∞
over the interval [′′;∞), we see that the conclusions of our theorem hold by translating the above
geometrical statements into analytical terms. The proof is complete.
We remark that in the above theorem, it is not diIcult to see from the concavity of the curve C1
and the convexity of the curve C2 that the &rst coordinate p′ of the point (x(′); y(′)) of intersection
is strictly between 0 and x(∗). In particular, when 	= =2; p′= x(′) ∈ (0; 1=(n+2)n). Note that
in this case, Eq. (9) becomes
2 − 2
n+ 2
+
np
n+ 2
= 0
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and for p6x(∗), it has the unique solution
=
1
n+ 2
(1 +
√
1− n(n+ 2)p)
in (∗;∞). Substituting this value into the &rst displayed equation in Theorem 6 and then (8), we
obtain
2
(
n+ 1−√1− n(n+ 1)p
n+ 2
)n+1
+
√
1− n(n+ 1)p− 1 = 0 (10)
and
q¿
2(n+ 1−√1− n(n+ 2)p)n+1(1 +√1− n(n+ 2)p)
n(n+ 2)n+2
; (11)
respectively. The following corollary is now clear.
Corollary 7. Suppose n is odd and 	==2. Then Eq. (2) does not have any positive roots if; and
only if; q¿p¿p′; or; p6p′ and (11) holds; where p′ is the unique solution in (0; 1=(n+2)n) of
Eq. (10).
Theorem 8. Suppose n is odd and 0¡	¡. Then Eq. (2) does not have any positive roots if;
and only if; p60 and
q¿
	(− 1)n+1
(n+ 	 − )+ − 	 ≡ S();
where  is the unique root in [	=(n+ 	);∞) of the equation
p=
−(n+ 	)(− 	=(n+ 	))
(n+ 	 − )+ − 	 ≡ T ():
Proof. The characteristic equation can be written as
h(;p; q) ≡ (− 1)np+ (− 1)n + q−	:
Since lim→∞ h(;p; q)=∞; h(1;p; q)=q and h(0;p; q)=−p, thus this equation will have a positive
root when q60 or p¿ 0. As in the proof of Theorem 1, we interpret the characteristic equation as
a family of straight lines and its envelope is determined by the pair of equations h(; x; y) = 0 and
h(; x; y) = 0 for ¿ 0. The corresponding parametric equations are
x() =−(n+ 	) − 	=(n+ 	)
(n+ 	 − )+ − 	 ;
y() =
(− 1)n+1	
(n+ 	 − )+ − 	 ;
where ¿ 0. We now need to consider several cases: (i) −	=n, (ii) −	¡n, and (iii) −	¿n.
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Fig. 5. n odd, ¿	¿ 0: n= 1, = 3; 	 = 2.
When − 	 = n, the parametric equations can be simpli&ed to
x() =− 
n

(
− 	

)
;
y() =

n
(− 1)n+1	:
We infer from the derivatives
dx
d
=−(+ 1)
n
−1
(
− 	
+ 1
)
;
dy
dx
=−(− 1)n	−;
d2y
dx2
=
n2
(+ 1)
(− 1)n−1	−2 1
− 	=(+ 1)
and other easily obtained information that the parametric curve is composed of two pieces C1 and
C2 as shown in Fig. 5. The turning point (x(∗); y(∗)) corresponds to the unique maximum of
x() over (0;∞), and occurs at ∗ = 	=(+ 1), and therefore the curve C1 corresponds to the case
where  ∈ (0; ∗) and C2 to  ∈ [∗;∞). The function C1 has a vertical slope at x = 0+, is strictly
increasing and strictly concave. The curve C2 is strictly convex and touches the x-axis at x = −1.
Note that this curve intersects the y-axis when  takes on the value 	=. In view of these properties
and the arguments in the proof of Theorem 1, Eq. (2) does not have any positive roots if, and only
if, p60 and q¿y((p)) where (p) is the unique root in [	=;∞) of the equation x() = p.
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When − 	¡n, the parametric equations can be written as
x() =− n+ 	
n+ 	 − 
 − 	=(n+ )
+ (− 	)=(n+ 	 − ) ; (12)
y() =

n+ 	 − 
(− 1)n+1	
+ (− 	)=(n+ 	 − ) ; (13)
where ¿ 0. The corresponding derivatives are
dx
d
=
−(n+ 	)−1
(n+ 	 − )(+ (− 	)=(n+ 	 − ))2 Q(); (14)
dy
dx
=−(− 1)n	− (15)
and
d2y
dx2
=
(n+ 	 − )2
(n+ 	)
(− 1)n−1	−2(+ (− 	)=(n+ 	 − ))3
Q()
; (16)
where
Q() = 2 +
n(+ 1)− 2	(n+ 	 − )
(n+ 	)(n+ 	 − ) −
	(− 	)
n+ 	 −  : (17)
Note that since (− 	)=(n+ 	 − )¿ 0, the quadratic equation Q() = 0 has two real roots
=−n(+ 1)− 2	(n+ 	 − )
2(n+ 	)(n+ 	 − )
−1
2
√(
n(+ 1)− 2	(n+ 	 − )
(n+ 	)(n+ 	 − )
)2
+
4	(− 	)
(n+ 	)(n+ 	 − ) (18)
and
 =−n(+ 1)− 2	(n+ 	 − )
2(n+ 	)(n+ 	 − ) +
1
2
√(
n(+ 1)− 2	(n+ 	 − )
(n+ 	)(n+ 	 − )
)2
+
4	(− 	)
(n+ 	)(n+ 	 − ) :
(19)
Since  can be written as
=
	
n+ 	
− n(+ 1)
2(n+ 	)(n+ 	 − )
+
1
2(n+ 	)(n+ 	 − )
√
n2(+ 1)2 − 4n	(n+ 	 − );
we see further that ¡ 0¡¡	=(n+	). By means of these and other easily obtained information,
we see that the parametric curve is composed of two pieces of curves C1 and C2 (see Fig. 6). The
turning point (x(∗); y(∗)) corresponds to the unique maximum of x() over (0;∞), and occurs
now at =, and therefore, the curve C1 corresponds the case where  ∈ (0; ) and C2 to  ∈ [;∞).
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Fig. 6. n odd, ¿	¿ 0; − 	¡n: n= 3, = 2; 	 = 1.
The curve C1 has a vertical slope at x = 0+, is strictly increasing and strictly concave. The curve
C2 crosses the y-axis when  takes the value 	=(n+ 	), is strictly convex and touches the x-axis at
x =−1. In view of these properties and the arguments in the proof of Theorem 1, we see that (2)
does not have any positive roots if, and only if, p60 and q¿y((p)) where (p) is the unique
solution in [	=(n+ 	);∞) of the equation x() = p.
When − 	¿n, the parametric equations can be written as
x() =
n+ 	
− 	 − n 
 − 	=(n+ 	)
− (− 	)=(− 	 − n) ;
y() =
−
− 	 − n
(− 1)n+1	
− (− 	)=(− 	 − n) :
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The derivatives dx=d; dy=dx and d2y=dx2 are of the same form as in the previous case, but the
roots  and  of the equation Q() = 0 now satisfy
0¡¡
	
n+ 	
¡ 1¡
− 	
− 	 − n ¡¡∞:
The corresponding envelop (see Fig. 7) is now composed of four pieces C1–C4. The &rst piece C1
corresponds to the case where  ∈ (0; ), has a vertical slope at x = 0+, is strictly increasing and
strictly concave. The second piece C2 corresponds to the case where  ∈ [; ( − 	)=( − n − 	)),
crosses the y-axis at  = 	=(n + 	); is strictly convex and touches the x-axis at x = −1. The third
piece C3 corresponds to the case where  ∈ ((−	)=(−n−	); ), is strictly decreasing and strictly
concave. The curve C4 corresponds to the case where  ∈ [;∞), is strictly decreasing and strictly
convex. The curves C2 and C3 have a common asymptote
L: y =−n
n(− 	 − n)−	−n
(− 	)−	 x −
nn(− 	)	
(− 	 − n)	+n ;
which separates them, and C3 as well as C4 have a common tangent T which passes through the
turning point (x(); y()). Since C3 is concave and C4 is convex, it is not diIcult to see that T
has a slope which is greater than that of L. In view of these properties and the arguments in the
proof of Theorem 1, we see that (2) does not have any positive roots if, and only if, p60 and
q¿y((p)) where (p) is the unique solution in [	=(n + 	); ( − 	)=( − 	 − n)) of the equation
p= x(). The proof is complete.
We now consider the &nal case where 	¿ + 1. For reasons which will be clear below, it is
necessary to consider two sub-cases de&ned by the conditions
+ 16	¡ 12 (− n+
√
n+ 1
√
2 + n) (20)
and
	¿max{+ 1; 12 (− n+
√
n+ 1
√
2 + n)}: (21)
Note that condition (20) is well de&ned since
1
2 (− n+
√
n+ 1
√
2 + n)− = n(− 1)
2
2(+ n+
√
n+ 1
√
2 + n
¿0:
In order to simplify the proofs of the next two results, we &rst investigate the properties of the
rational function T () (see Fig. 8) over the interval (∗;∞), where
∗ ≡ 	 − 
	 − + n : (22)
It is relatively easy to obtain the properties of this function by standard analytic means. To summa-
rize, the derivative of T () is formally given by
−(n+ 	)−1
(n+ 	 − )(+ (− 	)=(n+ 	 − ))2 Q();
where Q() is the polynomial de&ned by (17). If condition (20) is assumed, then the discriminant of
the quadratic equation Q()=0 is positive, and hence the equation T ′()=0 will have two positive
roots  and  which are formally de&ned by (18) and (19), respectively. It is easy to verify that
0¡∗¡¡¡
	
n+ 	
¡ 1 (23)
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Fig. 7. n odd, ¿	¿ 0; − 	¿n: n= 1, = 3; 	 = 1.
and that the function T () is strictly decreasing from +∞ to T ()¿ 0 over the interval (∗; ), is
strictly increasing from T () to T () over the interval (; ), and strictly decreasing from T () to
−∞ over the interval (;∞). Therefore, for any p ∈ (−∞; T ()), there is exactly one root 0 of
the equation T () = p in (;∞); for any p ∈ (T ();∞), there is exactly one root 4 in (∗; );
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Fig. 8. n= 1; = 8; 	 = 9.
and for any p ∈ [T (); T ()], there are exactly three (perhaps non distinct) roots 1; 2 and 3 in
(∗;∞) which satisfy the condition
∗¡1662663¡∞: (24)
If condition (21) is assumed, then the discriminant of the quadratic equation is nonpositive and
hence T ′()60 for ¿∗.
Theorem 9. Suppose n is odd and condition (21) holds. Then (2) cannot have any positive roots
if; and only if;
q¿
	(− 1)n+1
(n+ 	 − )+ − 	 ≡ S(); (25)
where  is the unique root in ((	 − )=(n+ 	 − );∞) of the equation
p=
−(n+ 	)(− 	=(n+ 	))
(n+ 	 − )+ − 	 ≡ T (): (26)
Proof. When 	¿+ 1, the characteristic equation can be written as
h(;p; q) ≡ (− 1)n	 + p	−(− 1)n + q= 0:
Since lim→∞ h(;p; q)=∞ and h(1;p; q)=q, thus h will have a positive root when q60. Suppose
q¿ 0. As before, the parametric equations of the envelope of the family of straight lines de&ned by
the characteristic equation is given by
x() =−(n+ 	) − 	=(n+ 	)
(n+ 	 − )+ − 	 ;
y() =
(− 1)n+1	
(n+ 	 − )+ − 	 ;
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Fig. 9. n odd, 	¿max{+ 1; 0:5(− n+
√
(n+ 1)(2 + n))}: n= 1, = 1; 	 = 2.
where ¿ 0. The rational functions x() and y() have a common singularity at  = ∗, where
∗ is de&ned by (22). The derivatives dx=d; dy=dx and d2y=dx2 are formally the same as those
given by (14), (15) and (16), respectively. Note that the function x() is identical to the function
T () when ¿∗. But now x′() ≡ T ′()60 for ¿∗, which implies that the envelope is now
composed of two pieces of curves C1 and C2 only (see Fig. 9). The curve C1 is strictly convex and
C2 is strictly concave and they have a common and separating asymptote L. By arguments similar
to those in the proof of Theorem 1, the region above the curve C2 is now the exact place where no
positive roots of the corresponding characteristic equation can occur.
In case = 1 in the above theorem, Eq. (26) can be written as
2 +
(n+ 	 − 1)p− 	
n+ 	
− 	 − 1
n+ 	
p= 0:
It is easily veri&ed that this equation has the root
=
	 − (n+ 	 − 1)p
2(n+ 	)
+
√
[(n+ 	 − 1)p+ 	]2 − 4np
2(n+ 	)
in the interval ((	 − 1)=(n+ 	 − 1);∞). Substituting this value into (25), we obtain
q¿
{2n+ 	 + (n+ 	 − 1)p−
√
[(n+ 	 − 1)p+ 	]2 − 4np}n
2n+	(n+ 	)n+	
×{	 − (n+ 	 − 1)p+
√
[(n+ 	 − 1)p+ 	]2 − 4np}	−1
×{(n+ 	 + 1)p+ 	 +
√
[(n+ 	 − 1)p+ 	]2 − 4np}: (27)
The following is now clear.
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Corollary 10. Suppose n is odd; 	¿= 1. Then Eq. (2) does not have any positive roots if; and
only if; inequality (27) holds.
The proof of the following result is similar to the previous one, and hence will be sketched.
Theorem 11. Suppose n is odd and condition (20) holds. Let ∗ be deAned by (22) and let ; 
be the critical points of T deAned by (18) and (19); respectively. Then Eq. (2) does not have any
positive roots if; and only if; either p¡T () and
q¿

n+ 	 − 
	0(0 − 1)n+1
0 − (	 − )=(n+ 	 − ) ≡ S(0);
where 0 is the unique root in (;∞) of the equation T () = p; or; T ()6p6T () and
q¿ max
i=1;2;3
{

n+ 	 − 
	i (i − 1)n+1
i − (	 − )=(n+ 	 − )
}
≡ max
i=1;2;3
S(i);
where 1; 2 and 3 are the unique roots in (∗;∞) of the equation T () = p satisfying (24); or;
T ()¡p and
q¿

n+ 	 − 
	4(4 − 1)n+1
4 − (	 − )=(n+ 	 − ) ≡ S(4);
where 4 is the unique root in (∗; ) of the equation T () = p.
Proof. The number ∗, the characteristic equation the parametric equations of the envelope and
the derivatives are formerly the same as those in the previous result. Note that the function x()
is identical to the function T () when ¿∗. In view of these facts and other easily obtained
information, we see that the envelope is composed of four pieces of curves C1–C4 as shown in
Fig. 10. The curve C1 corresponds to the case where  ∈ (0; ∗); C2 to  ∈ (∗; ); C3 to  ∈
[; ], and C4 to  ∈ (;∞). The function C1 is strictly increasing and strictly convex, C2 is strictly
increasing and strictly convex, C3 is strictly increasing and strictly concave, and &nally, C4 is strictly
increasing and strictly convex. Finally, the curves C1 and C2 have a common separating asymptote.
As a consequence, if we let  be the common region above C2; C3 and C4, then for any point
(p; q) in the upper half-plane, there is a straight line through this point and tangent to one of these
curves if, and only if, (p; q) ∈ . Finally, we may now conclude our proof by translating these
geometrical statements into analytic terms. The proof is complete.
3. The case where n is even
In this section, we assume throughout that the positive integer n is even. To facilitate discussions,
we will also classify Eq. (2) into four cases: (i) 06	¡, (ii) 	 = = 1, (iii) 	 = ¿ 1, and (iv)
	¿+ 1.
Theorem 12. Suppose n is even and 06	¡. Then Eq. (2) does not have any positive solutions
if; and only if; p¿0 and q¿ 0.
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Fig. 10. n odd, + 16	¡ 0:5(− n+
√
(n+ 1)(2 + n)): n= 1, = 8; 	 = 9.
Proof. The characteristic equation (2) can be written as
h(;p; q) ≡ (− 1)n + (− 1)np+ q−	 = 0:
Since lim→∞ h(;p; q) =∞; h(1;p; q) = q and h(0;p; q) = p, thus when p¡ 0 or q60, (2) will
have at least one positive root. When p¿0 and q¿ 0; it is easy to see that h(;p; q)¿ 0 for all
¿ 0. The proof is complete.
Theorem 13. Suppose n is even and 	 = = 1. Then Eq. (2) does not have any positive roots if;
and only if; either p¿0 and q¿ 0; or; p∗¡p¡ 0 and q¿− p; or; p6p∗ and
q¿− n
n
(n+ 1)n+1
(1 + p)n+1;
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where p∗ is the unique solution in (−2− n;−1) of the equation
p=
nn
(n+ 1)n+1
(1 + p)n+1:
Proof. When 	 = = 1, the characteristic equation (2) can be written as
h(;p; q) ≡ (− 1)n+ (− 1)np+ q= 0:
Since lim→∞ h(;p; q) =∞; h(1;p; q) = q and h(0;p; q) = p + q, we see that (2) will have a
positive root when q60 or q¡−p. Note further that when p¿0 and q¿ 0; h(;p; q)¿ 0 for all
¿ 0. Thus (2) does not have any positive roots in this case.
We now consider the case where p¡ 0 and q¿−p. As in the proof of Theorem 1, we interpret
the characteristic equation as the equation describing a family  of straight lines where  ranges
over (0;∞). The envelope of this family is determined by the pair of equations h(; x; y) = 0 and
h(; x; y) = 0. From
h(; x; y) = n(− 1)n−1x + n(− 1)n−1+ (− 1)n = 0;
we see that
=
1
n+ 1
(1− nx);
which is positive only if x¡ 1=n. Substituting  into h(; x; y) = 0, we see that the envelope is
described by the function de&ned by
y(x) =− n
n
(n+ 1)n+1
(1 + x)n+1; x ∈
(
−∞; 1
n
)
:
We now infer from the derivatives
dy
dx
=− n
n
(n+ 1)n
(1 + p)n;
d2y
dx2
=− n
n
(n+ 1)n
(1 + p)n−1
and other easily obtained information that the envelope (see Fig. 11) is strictly decreasing over
(−∞; 1=n), and is strictly convex over (−∞;−1) as well as strictly concave over (−1; 1=n). Fur-
thermore, it crosses the y =−x line at an unique point (p∗;−p∗). Indeed, the envelope must cross
the y = −x exactly once over (−∞;−1) since the function y(x) has a zero at x = −1 and that
it is strictly convex over (−∞;−1). Then by noting that limx→(1=n)− y(x) = −1=n and that y(x) is
strictly concave over (−1; 1=n), we conclude that the envelope cannot cross the y = −x line for
x ∈ (−1; 1=n). In view of these properties, we see that for any point (p; q) satisfying p¡ 0 and
q¿ − p, when (p; q) is situated above the envelope and also the y = −x line, no tangent of the
envelope can go through this point, and when (p; q) is situated elsewhere, such a tangent exists.
This statement needs a proof, but in view of Fig. 10, it can be obtained by elementary means. As
in the proof of Theorem 1, we may now translate these geometrical statements into analytic terms
and conclude our proof.
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Fig. 11. n even, 	 = = 1: n= 2, = 1; 	 = 1.
Theorem 14. Suppose n is even and 	 = ¿ 1. Let ′ be the unique solution in (1;∞) of the
equation
S(; n; ; ) ≡ (− 1)n+1 = n+ 

− 1 ≡ −T (; n; ; );
and let
p′ =−n+ 
n
(′)−1
(
′ − 
n+ 
)
≡ T (′; n; ; ):
Then the characteristic equation (2) does not have any positive roots if; and only if; either p¿0
and q¿ 0; or; p′¡p¡ 0 and q¿− p; or; p6p′ and
q¿

n
−1(− 1)n+1 ≡ S(; n; ; ); (28)
where  is the unique solution in (1;∞) of the equation
p=−n+ 
n
−1
(
− 
n+ 
)
≡ T (; n; ; ): (29)
Proof. When 	 = ¿ 1, the characteristic equation can be written as
h(;p; q) ≡ (− 1)n + (− 1)np+ q= 0:
As in the proof of Theorem 13, we may show that when q60 or q¡− p, this equation will have
at least one positive root. The parametric equations of the envelope of the family of straight lines
de&ned by the characteristic equation is given by
x() =
n+ 
n
−1
(

n+ 
− 
)
;
y() =

n
(− 1)n+1−1;
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where ¿ 0. We infer from the derivatives
dx
d
=−(n+ )
n
−2
(
− − 1
n+ 
)
;
dy
dx
=−(− 1)n;
d2y
dx2
=
n2
(n+ )
2−
(− 1)n−1
− (− 1)=(n+ )
and other easily obtained information that the envelope is composed of three pieces C1; C2 and C3
as shown in Fig. 12. The turning point (x(∗); y(∗)) corresponds to the unique maximum of x()
over (0;∞), and occurs at
∗ =
− 1
n+ 
:
The &rst piece corresponds to the case where  ∈ (0; ∗). It has a slope −1 at x=0+ and is strictly
convex over (0; x(∗)). The second piece C2 corresponds to the case where  ∈ [∗; 1]. It has a zero
slope at x=−1+ and is strictly concave over x ∈ [−1; x(∗)]. The third curve C3 corresponds to the
case where  ∈ (1;∞) and is strictly convex over x ∈ (−∞;−1). By means of the same reasoning
used in the proof of Theorem 13, we see that the envelope crosses the y=−x line at a unique point.
This point is of the form (x(′);−x(′)) where ′ is the unique solution in (1;∞) of the equation
−n+ 
n
−1
(

n+ 
− 
)
=

n
(− 1)n+1−1
or
(− 1)n+1 − n+ 

+ 1 = 0:
In view of these properties, we see that for any point (p; q) satisfying p¡ 0 and q¿ − p, when
(p; q) is situated above the envelope and also the y = −x line, no tangent of the envelope can go
through this point, and when (p; q) is situated elsewhere, such a tangent exists. In other words, when
0¿p¿p′ ≡ x(′); h(;p; q) = 0 does not have any positive roots if, and only if, q¿ − p; and
when p6p′ ≡ x(′); h(;p; q) = 0 does not have any positive roots if, and only if, q¿y((p))
where (p) is the unique root in (1;∞) of the equation p= x(). The proof is complete.
We remark that when 	 = = 2, Eq. (29) can be written as
2 − 2
n+ 2
+
np
n+ 2
= 0:
When p61=n(n+ 2), it has the roots
1 =
1−√1− n(n+ 2)p
n+ 2
and
2 =
1 +
√
1− n(n+ 2)p
n+ 2
:
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Fig. 12. n even, = 	¿ 1: n= 2, = 2; 	 = 2.
Substituting the root 2 into (28), we obtain
q¿
2(
√
1− n(n+ 2)p− n− 1)n+1(1 +√1− n(n+ 2)p)
n(n+ 2)n+2
: (30)
The following corollary is now clear.
Corollary 15. Suppose n is even and 	 =  = 2. Let ′ and p′ be the same numbers deAned in
Theorem 14. Then Eq. (2) does not have any positive roots if; and only if; either p¿0 and q¿ 0,
or; 0¿p¿p′ and q¿− p; or; p6p′ and (30) holds.
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Theorem 16. Suppose n is even and 	¿ + 1. Then Eq. (2) does not have any positive roots if;
and only if; either p¿0 and q¿ 0; or; p¡ 0 and
q¿max
i=1;2



n+ 	 − 
	
i
(i − 1)n+1
i − 	 − n+ 	 − 

 ≡ maxi=1;2 S(i); (31)
where 1 and 2 are the unique roots in (0; (	 − )=(n+ 	 − )) and (	=(n+ 	);∞); respectively,
of the equation
p=
−(n+ 	)(− 	=(n+ 	))
(n+ 	 − )+ − 	 ≡ T (): (32)
Proof. The characteristic equation (2) can now be written as
h(;p; q) ≡ (− 1)n	 + (− 1)n	−p+ q= 0:
Since lim→∞ h(;p; q) =∞ and h(1;p; q) = q, we see that h(;p; q) will have a positive root
when q60. Next, note that h(;p; q)¿ 0 when q¿ 0 and p¿0. Thus h(;p; q) will not have any
positive roots in such a case.
Suppose q¿ 0 and p¡ 0. As in the proof of Theorem 1, the parametric equations of the envelope
of the family of straight lines de&ned by the characteristic equation is formally given by the same
pair of equations in the proof of Theorem 9. Therefore, the derivatives dx=d; dy=dx and d2y=dx2
are formally the same as those de&ned by (14), (15) and (16), respectively.
As already seen in the proof of Theorem 9, if condition (20) is satis&ed, then x() is identical
to the function T (). In view of these, we see that the envelope is now composed of &ve pieces
of curves C1; C2; C3; C4 and C5 as shown in Fig. 13. The &rst curve C1 corresponds to the case
where  ∈ (0; ∗), the second to  ∈ (∗; ), the third to  ∈ [; ], the fourth to  ∈ [; 1), and
the &fth to  ∈ [1;∞), where ∗; ;  are those de&ned in (22), (18) and (19), respectively. The
curve C1 is situated in the interior of the second-quadrant, is strictly convex and strictly decreasing.
Furthermore, limx→−∞ C1(x) =∞ and limx→0−C1(x) = 0. The curves C2; C3 and C4 are situated in
the interior of the fourth-quadrant and C1 and C2 have a common separating asymptote. The curve
C5 touches the x-axis at x =−1 and is strictly convex over (−∞;−1). As a consequence of these
properties of the envelope, we may employ arguments similar to those in the proof of Theorem 1
to show that for any (p; q) satisfying q¿ 0 and p¡ 0, when (p; q) is situated above the curves C1
and also C5, the corresponding h(;p; q) cannot have any positive roots; and when (p; q) is on or
below either one of these two curves, the converse will hold.
If condition (21) is satis&ed, then as in the proof of Theorem 11, x() is identical to the function
T (). However, in this case, x′() ≡ T ′()60 for ¿∗ so that the envelope now consists of three
curves as shown in Fig. 14. Again, the region above the curves C1 and C3 is the exact place where
no positive roots of the corresponding characteristic equation can exist. The proof is complete.
When = 1 in the above theorem, Eq. (32) is equivalent to
2 − 	 − (n+ 	 − 1)p
n+ 	
− (	 − 1)p
n+ 	
= 0;
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Fig. 13. n even, + 16	¡ 0:5(− n+
√
(n+ 1)(2 + n)): n= 4, = 5; 	 = 6.
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Fig. 14. n even, 	¿max{+ 1; 0:5(− n+
√
(n+ 1)(2 + n))}: n= 2, = 1; 	 = 2.
which has roots
1 =
	 − (n+ 	 − 1)p−
√
[	 − (n+ 	 − 1)p]2 + 4(	 − 1)(n+ 	)p
2(n+ 	)
=
	 − (n+ 	 − 1)p−
√
[	 + (n+ 	 + 1)p]2 − 4(n+ 	)(1 + p)p
2(n+ 	)
(33)
and
2 =
	 − (n+ 	 − 1)p+
√
[	 − (n+ 	 − 1)p]2 + 4(	 − 1)(n+ 	)p
2(n+ 	)
=
	 − (n+ 	 − 1)p+
√
[	 + (n+ 	 + 1)p]2 − 4(n+ 	)(1 + p)p
2(n+ 	)
: (34)
When p¡ 0, we have 0¡1¡2.
Corollary 17. Suppose n is even 	¿= 1. Then Eq. (2) does not have any positive roots if; and
only if; either p¿0 and q¿ 0; or; p¡ 0 and (31) holds where 1 and 2 are deAned by (33) and
(34); respectively.
4. Summary
For easy applications of our results, we will summarize our previous investigations by means of
the following statements. Let n;  be positive integers, 	 nonnegative integer, and p; q real numbers.
Let
(; n) =
− n+√n+ 1√2 + n
2
;
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T () =
[	 − (n+ 	)]
(n+ 	 − )+ − 	 ;
S() =
	(− 1)n+1
(n+ 	 − )+ − 	 ;
F() =
−1[− (n+ )]
n
≡ T (; n; ; );
G() =
−1(− 1)n+1
n
≡ S(; n; ; )
and
H (x) =
nn
(n+ 1)n+1
(1 + x)n+1:
Let ;  be the critical points of T (x) (de&ned by (18) and (19), respectively). If ! is a solution of
T (x)=p or F(x)=p in an interval I , we will denote it by ! ∈ RootT I or ! ∈ RootF I , respectively.
If ! is a &xed point of H in the interval I , then we will denote it by ! ∈ FixPtH I . If ! is the
solution of F(x) =±G(x) in the interval I , we will denote it by ! ∈ EqF;±G I .
Theorem A. Suppose n is odd. Then (2) does not have any positive roots if; and only if; either
one of the following cases hold:
(a) 	 = 0; p= 0; q¿1;
(b) 	 = 0; p¡ 0; ! ∈ RootT [0;∞); q¿S(!);
(c) 0¡	¡; p60; ! ∈ RootT [	=(n+ 	);∞); q¿ s(!);
(d) 	 = = 1; p¿1=n; q¿p;
(e) 	 = = 1; p¡ 1=n; q¿H (p);
(f ) 	 = ¿ 1;  ∈ EqF;G((− 1)=(n+ ); =(n+ )); p¿F(); q¿p;
(g) 	=¿ 1;  ∈ EqF;G((−1)=(n+); =(n+)); p6F(); ! ∈ RootF [(−1)=(n+);∞); q¿G(!);
(h) ¡	¡(; n); p¡T (); ! ∈ RootT (;∞); q¿S(!);
(i) ¡	¡(; n); p¿T (); ! ∈ RootT ((	 − )=(	 − + n); ); q¿S(!);
(j) ¡	¡(; n); T ()6p6T (); q¿max{S(!) | ! ∈ RootT ((	 − )=(	 − + n);∞)};
(k) 	¿max{+ 1; (; n)}; ! ∈ RootT ((	 − )=(	 − + n);∞); q¿S(!).
Theorem B. Suppose n is even. Then (2) does not have any positive roots if; and only if; either
one of the following cases hold:
(a) p¿0; q¿ 0;
(b) 	 = = 1; p∗ ∈ FixPtH (−(n+ 2);−1); p∗¡p¡ 0; q¿− p;
(c) 	 = = 1; p∗ ∈ FixPtH (−(n+ 2);−1); p6p∗; q¿− H (p);
(d) 	 = ¿ 1;  ∈ EqF;−G(1;∞); F()¡p¡ 0; q¿− p;
(e) 	 = ¿ 1;  ∈ EqF;−G(1;∞); p6F(); ! ∈ RootF(1;∞); q¿G(!);
(f ) 	¿; p¡ 0; !1 ∈ RootT (0; (	 − )=(n + 	 − )); !2 ∈ RootT (	=(n + 	);∞); q¿max{S(!1);
S(!2)}.
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As an example, consider the case where n=1; =5; 	=4; p=−1 and q=1. Since ¿	¿ 0
and p60, in view of condition (c) in Theorem A, we need to calculate the root of
T (!) = 4!5 − 5!6 =−1
which is contained in [	=(1 + 	);∞). This root is equal to 1. Since q = 1¿ 0 = S(1), we see that
the characteristic equation (2) does not have any positive roots.
As another and our &nal example, consider the case where n=	= =2; p=−5 and q=6. Since
	 = ¿ 1, in view of conditions (d) and (e), we need to calculate the solution of
(− 1)3 = 2− 1
which is contained in (1;∞). This root  is equal to (3 + √5)=2. Since F() is approximately
−11:089845, the condition F()¡p = −5¡ 0 is satis&ed. Finally, since q = 6¿5 = −p, we see
that the characteristic equation (2) does not have any positive roots.
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